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Abstract
• A Gaussian process optimization method for input

design is presented.

• The method is suitable for nonlinear models.

Input design problem
Nonlinear state-space model:

xt|xt−1 ∼ fθ(xt|xt−1, ut−1),

yt|xt ∼ gθ(yt|xt, ut),

x0 ∼ µθ(x0),

Objective: Design u1:T := (u1, . . . , uT ) ∈ CT optimizing

Iθ0,av
F (u1:T ) :=

1

T
Eu

{
Iθ0
F (u1:T )

}
,

where

Iθ0
F (u1:T ) := E

{
S(θ0)S

⊤(θ0)|u1:T

}
,

S(θ0) := ∇ ℓθ(y1:T )|θ=θ0
,

ℓθ(y1:T ) := log pθ(y1:T |u1:T ) .

Problem: Find an input signal uopt
1:T ∈ CT as

uopt
1:T := arg max

u1:T ∈CT

h(Iθ0,av
F (u1:T )) ,

where h : R
m×m → R is a matrix nondecreasing function.

Challenges:

• Iθ0,av
F (u1:T ) unavailable in closed form.

⇒ Estimate Iθ0,av
F (u1:T ) using particle methods.

• Tractable parametrization for u1:T .

⇒ Restrict {ut} to, e.g., stationary AR process or
stationary Markov process.

• h(Iθ0,av
F (u1:T )) difficult to optimize.

⇒ Use Gaussian process optimization technique.

GPO in input design
(i) Given u

(k)
1:T , compute an estimate of h(Iθ0,av

F (u
(k)
1:T )),

denoted by ĥk.

(ii) Estimate h(Iθ0,av
F (u1:T )) given Dk := {u

(j)
1:T , ĥj}kj=0

and h(Iθ0,av
F (·)) ∼ GP (m(·), κ(·, ·)).

(iii) Given h(Iθ0,av
F (u1:T )), generate u

(k+1)
1:T as

u
(k+1)
1:T = arg max

u1:T∈CT

E {I(u1:T ) |Dk } ,

I(u1:T ) := max
{
0, h(Iθ0,av

F (u1:T ))− µmax − ξ
}
,

µmax := max
u1:T∈u

(k)
1:T

µ(u1:T |Dk) .

µ(·|Dk): Posterior mean of h(Iθ0,av
F (·)) given Dk.

Example

xt+1|xt ∼ N
( 1

γ + x2
t

+ ut, 0.1
2
)
,

yt|xt ∼ N
(
βx2

t , 1
2
)
,

θ = {γ, β}, T = 103, h(·) = log det(·) and θ0 = {2, 0.8}.
{ut}: Markov process with nm = 1 and three cases for C:

• Case 1: C = {−1, 1}.

• Case 2: C = {−1, 0, 1}.

• Case 3: C = {−1,−1/3, 1/3, 1}.

Results:

Input Binary opt. Case 1 opt. Case 2 opt. Case 3
hopt 4.11 4.11 4.15 4.44
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Figure 1. ĥk and µmax at iteration k for Case 3.

Future work

• Include model uncertainty.

• Online procedure to design u1:T .
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