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Autoregressive exogenous (ARX) model

yt =

na∑
k=1

akyt−k +

nb∑
k=1

bkut−k + et, et ∼ gθ(·).

Two prac cal problems:

- Finding the model orders na and nb.

- Deciding on the noise distribu on gθ(·).



Bayesian autoregressive exogenous (BARX) model

yt =

na∑
k=1

akyt−k +

nb∑
k=1

bkut−k + et, et ∼ gθ(·).

Modelling choices

- Prior for {ak} and {bk} to encode sparsity.

- Prior for gθ(·) to encode sparsity and flexibility.

Inference method

- Compute posterior of {ak, bk, g} given {yt, ut}Tt=1.



What are we going to do?

- Automa cally select model orders and noise distribu ons.

- Employ an efficient sample scheme for inference.

Why are we doing this?

- Data-driven and automated method for Bayesian ARX modelling.

- Handle general noise distribu ons and blind iden fica on.

- Provide predictors with uncertainty quan fica on for MPC.

Howwill we do this?

- Employ model averaging and sparseness priors.

- Model the noise with a Gaussian mixture.

- Sample from the posterior using Hamiltonian Monte Carlo.



Model averaging and sparseness priors.



Bayesian model averaging

The hyper-parameters η are marginalised out of the posterior,

p(θ|D) =
p(D|θ)
p(D)

∫
p(θ|η)p(η)dη ∝

K∑
k=1

p(D|θk),

with θk ∼ p(θk|ηk) and ηk ∼ p(η) obtained by Monte Carlo.

This takes into account all the values of η supported by D.



Sparseness priors

yt =

na∑
k=1

akyt−k +

nb∑
k=1

bkut−k + et, et ∼ gθ(·).

Two common choices are

ak, bk ∼ L(0, λ), ak, bk ∼ N (0, λ2),

where λ > 0 denotes the strength of the regularisa on.

Need to select λ. Put a prior on it!



Sparsity with the horseshoe prior

For a linear regression problem with Gaussian noise and

ak ∼ N (0, σ2
a), σa ∼ C+(0, 1),

bk ∼ N (0, σ2
b ), σb ∼ C+(0, 1),

the prior has the effect that

β̄j = (1− κj)β̂j ,

where β̂j is the LS es mate.
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Modelling noise using Gaussian mixture models.



Gaussian mixture models

et ∼
ne∑
k=1

wkN (et;µk, σ
2
k),

ne∑
k=1

wk = 1,



Dirichlet distribu on

A distribu on over the unit simplex,

x1, x2, . . . , xn ∼ D(α1, α2, . . . , αn), such that

n∑
i=1

xi = 1.
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Bayesian Gaussian mixture models

et ∼
ne∑
k=1

wkN (et;µk, σ
2
k),

ne∑
k=1

wk = 1,

with sparsity promo ng priors

µ1:ne ∼ N (0, σ2
µ), σµ ∼ C+(0, 1),

σ1:ne ∼ C+(0, 5),
w1:ne ∼ D(e0, . . . , e0), e0 ∼ G(αw, neαw).



Inference using Hamiltonian Monte Carlo.



Bayesian ARX model

yt =

na∑
k=1

akyt−k +

nb∑
k=1

bkut−k + et,

et ∼
ne∑
k=1

wkN (et;µk, σ
2
k),

µ1:ne ∼ N (0, σ2
µ),

σµ ∼ C+(0, 1),

σ1:ne ∼ C+(0, 5),

w1:ne ∼ D(e0, . . . , e0),

e0 ∼ G(αw, neαw),

ak ∼ N (0, σ2
a),

σa ∼ C+(0, 1),

bk ∼ N (0, σ2
b ),

σb ∼ C+(0, 1),



The inference problem in the BARX model

π(θ, η) , p(θ, η|D) =
p(D|θ)p(θ|η)p(η)

p(D)

D = {xt, yt}Tt=1,

θ = {a1:na , b1:nb
, w1:ne , µ1:ne , σ1:ne}

η = {σu, e0, σa, σb}

Need to es mate π(θ, η)which is high-dimensional.

Use efficient Hamiltonian Monte Carlo!



Numerical illustra ons.



ARX model with Gaussian noise

0 50 100 150 200 250 300

-2
0

0
10

20

time

ob
se

rv
at

io
n

system coefficients

po
st

er
io

r p
ro

ba
bi

lit
y

-2.0 -1.5 -1.0 -0.5 0.0 0.5 1.0 1.5

0
5

10
15

20

σ f

po
st

er
io

r e
st

im
at

e

0.4 0.6 0.8 1.0 1.2 1.4

0
1

2
3

4
5

σμ

po
st

er
io

r e
st

im
at

e

-0.5 0.0 0.5 1.0 1.5

0.
0

1.
0

2.
0

3.
0

e0

po
st

er
io

r e
st

im
at

e

0.0 0.1 0.2 0.3 0.4 0.5 0.6

0
2

4
6

8
10

yt = −1.5yt−1 + 0.7yt−2 + 1.0ut−1 + 0.5ut−2 + zt, zt ∼ N (0, 1).



ARX model with mixture noise
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yt = −0.25yt−1+0.2yt−2+1ut−1+0.5ut−2+zt, zt ∼ 0.4·N (7, 1)+0.6·N (0, 1).



Real-world EEG data
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Model fit: 92.3% using BARX versus 85.6% using ARX with Student’s t-noise.



What did we do?

- Automa cally selected model orders using Horseshoe priors.

- Modelled the noise using a sparse Gaussian mixture.

- Employed efficient Hamiltonian Monte Carlo for inference.

Why did we do this?

- Data-driven and automated method for Bayesian ARX modelling.

- Handle general noise distribu ons and blind iden fica on.

- Provide predictors with uncertainty quan fica on for MPC.

What are you going to do now?

- Remember hierarchical models and model averaging.

- Remember that simple Gaussian mixtures can be very useful.

- Read the paper and look at the code on GitHub.



Thank you for listening
Comments, sugges ons and/or ques ons?

Johan Dahlin
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